Abstract. The Baer-Nunziato model is used to describe the flow of compressible gas in a porous bed. We are concerned with flows in which the porosity changes discontinuously across a so-called compaction wave, and consider the related Riemann problem. A recent study [CAL] has illustrated the failure of various numerical schemes to compute correct solutions across compaction waves. The errors were linked to the failure of the scheme to maintain constant entropy across the interface. We propose a hybrid strategy that reverts to a nonconservative formulation across the porosity jump and solves directly for the entropy. The formulation trivially respects the jump conditions, and may be combined with one's preferred conservative scheme away from the interface. Numerical tests illustrate the merits of this strategy.
Introduction
The Baer-Nunziato (BN) model is given by (1.1)
Here ρ, u, p and E denote the density, velocity, pressure and energy of the respective phases, both assumed ideal and satisfy the Equation of State (EOS) (1.2) E = 1 2 ρu 2 + p γ − 1 Particle Bed Gas Figure 1 . Compressible flow in a gas permeable particle bed and φ is the porosity, satisfying (1.3) φ g + φ s = 1 .
The BN model was originally proposed to describe flame propagation in gaspermeable reactive granular materials [BN] . Here the terms due to combustion processes, drag and heat transfer are neglected. It is an averaged two-phase flow model, expressing mass conservation, and momentum and energy balance of the gas and solid phases. The last equation governs the evolution of the porosity. The system is nonconservative due to momentum and energy exchange between the phases. The underlying conservation is revealed upon addition of the momenta (energy) equations of the individual phases. The presence of the non-conservative terms has major consequences both theoretically and computationally . The eigenvalues of system (1.1) are given by (1.4) u g − c g , u g , u g + c g , u s − c s , u s , u s , u s + c s corresponding to familiar waves in the Euler subsystems of the respective phases, and an additional so-called compaction wave that carries changes in porosity and propagates with the speed of the solid phase, u s . Here c = γp/ρ denotes the speed of the sound. We are interested in flows where the porosity is piecewise constant (See the schematic in Figure 1 ). In this case, the system reduces to two single-phase Euler subsystems which "talk" to each other through a set of jump conditions that hold across the porosity jump. The jump conditions across the porosity jump may be obtained using the Riemann Invariants (see, for example [BN, CAL, AW2] ),
all of which do not change across the porosity jump. Here, η = p/ρ γ denotes the entropy, v g = u g − u s denotes the speed of the gas relative to the speed of the compaction wave. The system is only conditionally hyperbolic, and may fail to have a complete set of eigenvectors if
In the special case where the particle bed is stationary, u s = 0, and the solid phase is assumed incompressible, system (1.1) reduces to Figure 2 . Schematic of the Riemann problem for the BN system (1.1) (left) and for the reduced system (1.7) (right).
which is effectively the Euler equations with area variation, where the porosity φ = φ(x) may be identified with the cross sectional area. Here, the subscript (·) g has been omitted. The jump conditions across the stationary porosity jump are
is the specific enthalpy. Figure 2 illustrates a typical solution of the Riemann problem consisting of rarefactions (R), shocks (S), contact waves (C) and a compaction wave (O). We note that although a compaction wave propagates with the solid phase velocity u s , it is not a contact wave. This is easily appreciated in the stationary case. Using (1.8) a simple calculation confirms that We further note that for the BN system (1.1), the two dimensional eigenspace corresponding to u s may be spanned by one eigenvector describing a pure solid contact and another describing a compaction wave. The overall jump in the solution across this wave front is, of course, a combination of the respective jumps.
A Hybrid Approach
Solutions for the Riemann problem may be nonunique [AW1, AW2, SWK] . Even when unique, they may be difficult to compute. Computations based on the conservative formulation (1.1) were shown to have difficulties maintaining constant entropy across the porosity jump, resulting in incorrect jump in the solution [CAL] .
Using a conservative formulation is of course necessary when shocks are present. However, looking beyond conservative formulations has proved beneficial in various other contexts. For example, using a pressure-based formulation to compute propagating material interfaces [AK] or using equilibrium variables to compute accurate steady-state solutions to shallow water systems [NXS, GR] . We focus first on the reduced system (1.7). Note that if instead of recovering the entropy from the conserved variables one solves for the entropy directly using the entropy evolution equation 
(ii) Across the porosity jump solve
We note that the energy flux may be written as φρuh. It is straightforward to see that if the data correspond to a porosity wave, hence satisfy (1.8), the above nonconservative formulation based on the entropy equation will recognize and respect this solution. We also point out that in this hybrid approach the conservative formulation is only used away from the porosity jump, and while technically it has a nonconservative term on its right hand side, that term in fact vanishes and the system reduces to effectively the standard Euler system.
The eigenvectors of the above conservative and nonconservative formulations are given respectively by In this section we present numerical results for the reduced system (1.7) corresponding to the case of a stationary porosity jump and incompressible solid phase. The numerical method in all tests is a Roe-type upwind scheme [PLR] (3.1)
The CFL number and the grid size are noted in the examples. Figure 3 shows the computed and exact solutions for the Riemann problem considered in [CAL] , using CFL number 0.8 and a 2000 point grid. For U = (ρ, u, p), initial data is given by error (see also [CAL] ). Visibly, the entropy fails to stay constant across the porosity jump, the solution appears to jump incorrectly across the porosity change yielding an incorrect solution. Figure 3 on the right shows the same computation based on the hybrid formulation which reverts back to the nonconservative formulation using the entropy equation (2.1) across the porosity jump. This formulation clearly recognizes and respects interface data, and yields the correct jump in the solution. The initial data in Figure 4 correspond to exact interface data extracted from the Riemann problem in the previous example T with φ L , φ R and γ as above. It illustrates the failure of the conservative formulation to keep the entropy constant across the porosity jump, leading to erroneous waves structure. Using the entropy equation across the porosity jump and the conservative formulation everywhere else makes it possible to recognize and respect the interface data and produces a clean and error free solution. Figure 5 shows the computed solution by the hybrid scheme for two more Riemann problems, both corresponding to φ L = 1, φ R = 1.25 and γ = 1.4. On the left, the solution corresponding to the initial data We now generalize this computational framework to the full Baer-Nunziato system (1.1). The jump conditions across the porosity jump are
Here Q = φ g ρ g v g is the gas mass flux, H = γ−1 is the gas enthalpy and
g is the sum of phase momenta fluxes in the frame of reference of the compaction wave moving with speed u s , here v g = u g − u s .
We have implemented the following hybrid strategy:
(i) Away from the compaction wave, solve for the conservative variables
(ii) Across the compaction wave, solve for the nonconservative variables
The eigenvectors for the conservative system are essentially the eigenvectors of the two Euler subsystems and an additional eigenvector corresponding to the compaction wave (see for example [CAL, AW2] ). We note that the eigenvector corresponding to the compaction wave does not play an important role in the present context since the conservative formulation is used only away from the compaction wave, where the porosity does not vary and the corresponding wave strength is zero. The eigenstructure of the nonconservative system based on W RI is
Here we used the abbreviated notation( · ) = φ( · ) to denote the respective physical quantities scaled by the porosity. Again, the method used in the following examples is a Roe-type upwind scheme (3.1). We use U to denote ( ρ g , u g , p g , ρ s , u s , p s , φ s ) and consider first the Riemann problem for the initial data (4.1) U L = (1, 2, 0.5, 2, 0.3, 5, 0.8) (0.2304, 2.4082, 0.0640, 3, 0.3, 13.0547, 0.3) T corresponding to a single moving compaction wave. The CFL number is 0.8, the grid size is 400 points, and γ = 1.4. Figure 6 shows the results by the hybrid formulation which is conservative everywhere except across the compaction wave where it reverts to the nonconservative formulation based on the Riemann Invariants. The results illustrate clearly that the interface data is recognized and respected, and no errors are produced.
The following initial data (see [CAL] ) (5.71, −0.75, 6.36, 0.553, −0.0553, 0.4527, 0. 3) (2.02, 0.86, 1.87, 1.264, −0.115, 1.1234, 0.7) T correspond to the Riemann solution depicted in the schematic in Figure 7 (left). Figures 8 and 9 show the computed and exact solutions by the conservative formulation and the hybrid formulation respectively.
Finally, the solution for the Riemann problem for the initial data (see [SWK] ) 
Summary
The BN system (1.1) with piecewise constant porosities describes two decoupled Euler sub-sysetms connected via a set of jump conditions across a moving internal boundary called a compaction wave. Numerical methods based on the conservative formulation of the system may produce incorrect jump in solutions across the interface. We have presented a hybrid strategy for the solution of the BN system, which reverts to a formulation based on the set of Riemann Invariants across the moving interface. The formulation trivially recognizes and respects interface data, and is well suited for computing propagating compaction waves. The merits of the hybrid approach have been demonstrated on a variety of shock tube problems for the full BN system (1.1) and for the reduced system (1.7) corresponding to the special case where the interface is stationary and the solid phase assumed incompressible. 
